We show first that an orbit, which is naturally characterized by its eccentricity and semi-latus rectum, can equally be characterized by other sets of parameters, and proceed to determine mass-independent characterizations. The latter is employed to obtain the laws of equivalent orbits, which by definition have the same eccentricity and orbit's parameter [1]. These laws relate the values of the same physical observables on two equivalent orbits to the corresponding total mass; they include the laws of velocity, angular velocity, radial velocity, areal velocity, acceleration, period, energy and angular momentum. Regardless of the share of the two bodies of a fixed total mass, the same relative orbit occurs for the same initial conditions. Moreover, the same orbit can be traced by different total masses but with different relative velocities. The concept of a gravitational field generated by a set of masses is shown to be meaningful only when the center of mass is not changed by the test mass. The associated concept of the "nothing", which is an infinitesimal mass that allows for the property just mentioned to be fulfilled, is introduced and its orbits are determined. The perturbation of the nothing orbits due to its replacement by a finite mass is determined. It is proved that such a replacement can have a qualitative effect resulting in a "phase transition" of an orbit from unbound to bound, and that the nothing's circular orbits cannot be occupied by any material body. The Galileo law of free fall, on which the equivalence principle hinges and which is exact only for "nothing-like" falling objects, is revised to determine the duration of free fall of a body of an arbitrary mass. The wholeness of Newton's laws and the associated concept of force as an interaction are highlighted, and some contradictions between the Newtonian laws of equivalent Kepler's orbits and the general relativistic predictions are discussed. It is demonstrated that Newton's law of gravitation is not an approximation of Einstein field Equations even in the case of a static weak field. However, both theories have a common limit corresponding to the case in which the alien concept of a field can be incorporated in the Newtonian theory. We also show that the relative velocity's hodograph [2-4], the alternative Laplace-Runge-Lenz (LRL) vector derived by Hamilton [4-6], as well as an infinite set of LRL vectors, result all from one vector. The hodograph is a proper circular arc for hyperbolic motion, a circle less a point for parabolic motion, and a full circle for bound motion.
Introduction
Beside the main subject discussed in this article, which is the laws of equivalent Kepler orbits and its contradiction with the predictions of general relativity (GR), a separate issue concerning the velocity hodographs is dis-cussed in Section 3, and an LRL vector is derived from which the velocity hodograph follows immediately.
The body of the main subject of this article can be summarized by the following:  We set up first a variety of characterizations of an orbit that are equivalent to its natural one, and generalize it to a mass-independent form.  Orbits that can be made to coincide through rotations, translations, or reflections are called equivalent. Based on the mass-independent characterization of an orbit we obtain the laws of equivalent relative orbits.  Neglecting the alteration of the center of mass, the same initial conditions yield the same relative orbit independently of the share of the two bodies of a fixed total mass. Moreover, the same relative orbit with different total mass occurs when the relative velocity is proportional to the square root of the total mass.  The concept of a gravitational field generated by a set of masses is shown to be meaningful only when the passive test body's mass is negligible. The useful concept of the "nothing" is accordingly introduced and its orbits are determined.  The perturbation in a nothing's orbits due to its replacement by a finite mass is determined. It is proved that such a replacement can change the nature of motion from unbound to bound. It was also shown that the nothing's circular orbits cannot be occupied by any material body.  The Galileo law of free fall (GLFF), on which the equivalence principle hinges, and which is accurate only for "nothing-like" falling objects, is revised to state that: the duration of a free fall by a given distance is inversely proportional to the square root of the total mass.  Some contradictions between the Newtonian laws of equivalent orbits and the predictions of GR are discussed.
It is also shown that Newton's law of gravitation is not an approximation of Einstein field Equations even in the case of a static weak field. Before starting to implement our plan we brief an essential background of the subject. We refer a system of two particles with masses 1 m and 2 m to the inertial frame c S Cxyz ≡ with origin C at the center of mass and axes' units ( )
r r is the position vector of the first (second) particle in c S , then their relative position and velocity are where G is the gravitational constant, 1 2 M m m = + is the total mass of the system, and r = I r (Figure 1 ). We assume that 1 2 . m m > The equation of motion (1.1) shows that the relative motion can be described by quantities that are independent of the distribution of the total mass between the individual particles. Employing polar coor-
with Cx is the polar axis, the conserved system's mechanical energy E and angular momentum h µ µ = = L h k can be expressed by the equations [1]:
where µ is the reduced mass. The quantities ε and h are called the reduced energy and angular momentum densities respectively [1] . The orbit of the system is found by a well-known method [7] [8] [9] :
where p θ is a constant of integration that depends only on the choice of the polar axis, and
are the semi-latus rectum and the eccentricity of the orbit. For simplicity we assume that the polar axis is chosen to pass through the perihelion, and hence 0 p θ = in (1.3). 
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Equivalent Characterizations of an Orbit
We may look on one orbit { } , P e as a representative of a class of equivalence of orbits which result from one orbit through rotation, inversion, or translation. The latter fact follows from the homogeneity of the space with respect to our closed two-body system, and hence its isotropy [10] .
We present here various characterizations of a class of orbits { } , P e [1] . At an arbitrary point of the system's trajectory, both components of the relative velocity it is given by . 
i , ii 1.
By (1.4ii) and (2.1ii) we obtain the equivalent inequalities
Assuming that the motion takes place in the positive sense ( ) 
Hodographs and Laplace-Runge-Lenz Vectors
We have shown in [1] that, upon knowing the energy and the angular momentum vector, any additional independent constant of motion can only specify the axis of symmetry of the orbit, i.e. the angle p θ it makes with the polar axis. In particular, the role of the LRL vector under the given data, is confined to determine the orientation of the orbit in the plane of motion. The LRL vector emerges from the inverse square law (1.1)
which shows that the vector field
is constant of motion. The constant value of this vector on an orbit is obtained from its value at the perihelion
where equation (2.1ii) has been used. It is clear that the vector field B which is defined on an orbit is perpendicular to its axis of symmetry since it always has the value . p eGMJ Because B makes an angle π 2 p θ + with the polar axis, the orientation of an orbit is determined by the angle p θ between its axis of symmetry and the polar axis. The familiar LRL vector [1] [2] [3] [4] [5] [6] is obtained by taking the cross product of both sides of (3.2) from right by k
It is clear that ,
It is to be noted that the alternative LRL vector H B found by Hamilton [4] [5] [6] 
is an approximation of the vector h µB . Indeed
When the mass 1 is dominant, 2 
B
If O is an arbitrary orthogonal matrix ( )
shows that the same information concerning the orientation of an orbit is contained in an LRL vector as much in its transforms; the vector B we take the inner product of both sides by the vector OJ :
Since the inner product is invariant under orthogonal transformations, we have 
which asserts that the velocity is GM h times the sum of a fixed vector e p J of length e and a vector J of fixed length 1 and variable direction. Thus the velocity vector depicts in the -space v a full circle for 1 e < , a circle less a point for 1 e = , and a proper circular arc for 1 e > (Figure 2) . The latter statements utilize the fact that the velocity's direction takes all possible values for elliptic orbits, constrained in the range ( ) 0, π for parabolic orbits, and in the range ( )
cos 1 π, cos 1 e e − − − − + − for hyperbolic orbits. For elliptic orbits the vector v rotates on the circle with a period equal to the period of motion. For unbound motion the vector v takes, starting from a point, an infinite time to reach an end of the circular arc. In hyperbolic motion, the circular arc tends to a circle less a point when e tends to 1, gets smaller with increasing values of e, and tends to a point when e tends to infinity. The above simple method in obtaining the velocity hodographs refines Butikov's results [3] which were obtained in a lengthy manner for motion of a body in a central field.
The Angular Momentum and Energy of an Orbit
Inserting 0 where we have used (2.1ii) to write the last equality. Substituting ( ) 1   p r P e = + in the latter relation yields
where a is the semi-major axis of the trajectory, and the + (-) sign corresponds to hyperbolic (elliptic) orbits. We already know that 0 ε = for parabolic orbit.
With M is fixed, equivalent orbits are characterized by the same ( )
, .
h ε Although a given relative orbit has specific values of angular momentum and energy reduced densities, there correspond to the same relative orbit different angular momenta L h µ = and energies E µε = depending on the distribution of the total mass M between the two particles. By (4.2) the energies of the system when in an elliptic or hyperbolic orbit { } , P e are ( )
When the total mass is fixed, the reduced mass 
Laws of Equivalent Relative Orbits
When we let, the perihelion unit vector where O is an arbitrary orthogonal ( ) 3 3 × matrix and b is an arbitrary ( ) 3 1 × vector signifying an arbitrary displacement ′ CC of the center of mass. Indeed, and because the space is homogeneous with respect to a closed two-body system, the latter remains equivalent to itself after a rotation, translation or inversion applied to it as a whole. , and hence L3. The Law of Areal Velocity:
L4. The Law of Orbit's Energy ( )
we have . By (5.7), the same statement applies to the corresponding attractive forces.
Inserting the expression of F at a distance r in the relation F E F E ′ ′ = we obtain ( )
From the latter relation we obtain the obvious relation
which could also have been obtained through expressing 1 2 Gm m in Newton gravitational law in terms of the orbit's energy (4.3).
L5. Law of Periods: Because two equivalent bound orbits have the same area , A which equals to the product of the period by the areal velocity, we have
Dividing the latter equations side to side by (5.4) we obtain 
L7. The Law of Velocities:
The relative velocities associated with the two equivalent orbits are
The parenthesized quantities in the latter two equations are equal in magnitude for θ θ′ = , because r r′
Multiplying the latter equation side to side by equation (5.13) yields ( )
It states: the relative velocity of the system in a given orbit is proportional to the square root of its mass. The latter relation shows that the two bodies recede from each other from a point r to infinity if their relative velocity r is such that 2 ; r GM r ≥  they reach infinity with zero velocity when the equality sign holds. which shows that the duration of falling from an initial altitude 0 r to a final altitude r is inversely proportional to the square root of the total mass M.
L8. The Law of Radial
The duration of the complete fall of two particles towards each other starting from an initial separation 0 r is ( )
The invalidity of GLFF in general is apparent from (1.1) which shows that the acceleration acquired by a mass Solving for h we find the familiar expression,
where we used (1.1) to set 2 GM r a = , which is approximately constant over a small change h in r.
The Approximation of a Central Gravitational Field
We discuss here the effect of the smaller mass' value 2 m on the duration of a fall towards a given (constant) mass 1 m in case of a straight trajectory, or on its period of rotation about 1 m in a bound orbit. According to the value of 2 m three cases are distinguished: (i) The mass 2 m is infinitesimally small.
where as the ratio 2 1 m m is small but finite in case (ii), it is infinitesimally small in case (i), and hence the approximations (7.1) hold effectively as equalities in case (i). 
is the free fall duration of a minute object with a negligible mass, n, in comparison with 1 m , call it "the nothing" . Thus the nothing in this context is an infinitesimal mass n with the property, ( ) 1 n T n m is negligible. In fact, it is the fall's time n T of the nothing, what corresponds to GLFF; it results from t in (7.3) on letting 2 0 m → . Equation (7. 3) reduces to In particular 2 n v v = for 2 1 . m m = The relation (7.8) shows that the period τ of a bound motion of a mass 2 m is less than the corresponding period n τ of the nothing by the factor appearing on its right hand-side. Because this factor decreases when 2 m increases, the heavier the body the shorter period it has.
We finally mention that the mass n, which is not zero, has no intrinsic value; its values belong to a range that depends on the dominant mass and the degree of accuracy sought, or within which is the resolution power of our equipments.
Perturbation of the Nothing's Orbits
It is clear that a finite mass 2 m perturbs the gravitational field generated by the massive body 1 . m To quantify the order of perturbation, we revert to equation (2.1) and specify the relative orbit by the ordered pair: P e of n will change to the orbit ( ) , P e given by (8.1). We determine here the element of the new orbit in terms of the n orbit and 2 .
m For brevity we set C2. An increase in mass leaves bound orbits bound, provided the lower constraint (2.2ii) on velocity remains valid. In particular the new orbit is circular if . i e e = with minute mass results in the absurd, a negative eccentricity. This implies that no material body can be in any of the nothing's circular orbits with the same initial conditions. Or as to say, the n circular orbits do not exist physically. The latter results is well justified on recalling that the nothing is merely a mathematical abstraction of a small mass. It is clear of course that the n's circular orbits can be occupied by material bodies but with velocities determined by (8.3).
The semi-major axis and the period of the new orbit are easily found to be
1 1 2 1 .
n n e τ τ β β
To the first order in β we have ( ) 
Discrepancies between the Equivalence Principle and Newton's Theory
Newton's laws of motion, which hold in inertial frames, form one whole entity by which the motion of a system can be specified. The newly introduced physical entity by Newton, "the force", was not specified by his second law N m Although it was not stated explicitly, the concept, "force", was coined to refer to interactions between particles, or systems of such. Newton's second law specifies the acceleration of a body of mass N m in any inertial frame S, while the motions of the remaining bodies in the closed system are pragmatically overlooked.
For a closed system of N particles that interact mutually trough gravitational forces, the acceleration N a of the -th N particle, ( ) where m is its mass, r is its position vector, and j r is the position vector of the j-th particle, is independent of its mass but depends on its position and the masses and positions of the remaining particles ,t a r , generated by Rem and defined at each point r by the right hand-side of (9.1); it changes with time because the elements of Rem are moving.
For a 2-body system ( ) 2 N = , the concept of a gravitational field can be substantiated only when one mass, say 1 m , is dominant, in which case the system's center of mass can be identified with the center of 1 m and considered stationary in c S and thus the system's total mass can be approximated by 1 . m In this case a stationary gravita-tional field a set up by the dominant mass 1 m can be defined throughout the space by 2 1 Gm r = − a I (9.2) where r = r I is the position vector of a point relative to the center of mass 1 m . A body of a negligible mass placed at a position r acquires an absolute acceleration a , and its motion is determined indeed by its initial conditions and does not depend on its mass. The equivalence principle (EP), on which the general theory of relativity (GR) hinges, is based on the fact that the acceleration, inherent to inertial forces (centrifugal, Coriolis, ···) and to locally uniform gravitational forces, is independent of the mass of the body acted on by these forces. Therefore, the properties of motion in a uniformly accelerated frame of reference and in a uniform gravitational field are the same. To express it in a different way, no mechanical experiment carried out inside a laboratory can tell whether the laboratory is at rest on the earth's surface or moving far away from matter at a constant acceleration g , where g is the acceleration due to earth's gravity at its surface. The latter fact was elevated by Einstein to a level of a principle [10] [11] [12] [13] [14] , which states that: all laws of physics are the same in a uniform gravitational field and in a uniformly accelerating frame of reference. More general: gravitational fields and inertial fields are equivalent with respect to physics laws. During a short period of time the gravitational field subtended in a freely falling chamber can be considered uniform, and cancels
